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Abstract 



[j • Section 1 contains historical and bibliographical notes upon the 

problem of geometrization of Lagrangians defined on the tangent bun- 
dle or the jet bundle of order one, and emphasizes the original elements 

rl^ ' of our approach in this direction. The geometrization of a Kronecker 

/i-regular Lagrangian function with partial derivatives begins in Sec- 
tion 2 by introduction of notion of metrical multi-time Lagrange space 
ML™ = (J 1 (T, M), L) and by proving a theorem of characterization of 
these spaces. Section 3 constructs the canonical nonlinear connection 

£SJ ' r = (Mf{ s ,N'. >{■), naturally induced by the Lagrangian C = Lw\h\ 

^- ' of the metrical multi-time Lagrange space ML™. At the same time, 

Section 3 offers a geometrical interpretation to the extremals of the La- 
grangian C Section 4 proves the theorem of existence and uniqueness 
of Cartan canonical connection CT of a metrical multi-time Lagrange 

2^ . space MLp and studies its torsion and curvature d-tensors. 

Mathematics Subject Classification (2000): 53B05, 53B40, 53C43. 
Key words: temporal and spatial sprays, harmonic maps, metrical multi- 
,_Ch ' time Lagrange space, canonical Cartan metrical connection, torsion and cur- 

vature d-tensors. 



a. 

> ! 1 Introduction 

r> | A lot of geometrical models in Mechanics, Physics or Biology are based 

C^ ■ on the notion of ordinary Lagrangian. In this sense, we recall that a Lagrange 

space L n — (M, L(x, y)) is defined as a pair which consists of a real, smooth, 
n-dimcnsional manifold M coordinated by (x l ) i= Y^ an( i a regular Lagrangian 
L : TM — y R. The differential geometry of Lagrange spaces is now used 
in various fields to study natural phenomena where the dependence on posi- 
tion, velocity or momentum is involved |7]]. Also, this geometry gives a model 
for both the gravitational and electromagnetic field theory, in a very natu- 
ral blending of the geometrical structure of the space with the characteristic 
properties of the physical fields. 



At the same time, there are many problems in Physics and Variational 
Calculus in which time dependent Lagrangians (i. e., a smooth real function 
on R x TM) are involved. A geometrization of time dependent Lagrangians 
was realized by Miron and Anastasiei in H, using the configuration bundle 
R x TM — ► M, whose geometrical invariance group (gauge group) is of the 
form 

i=t 



(1.1) 



dx % j 

dxl y ' 



The attached geometry is called the "Rheonomic Lagrange Geometry". Nev- 
ertheless, the main inconvenient of rheonomic Lagrange geometry is de- 
termined by the "absolute" character of time t which is emphasized by 
the structure of its gauge group. In our paper, we remove this inconve- 
nient, replacing the above bundle of configuration with 1-jet fibre bundle 
J 1 (R, M) = R x TM — > R x M which is characterized by the gauge group 

i = i(t) 

(l.2i { **=&&) 

: dx l dt 

The structure of our gauge group underlines the relativistic role of time, and 
consequently, we can use the name of "Relativistic Rheonomic Lagrange Ge- 
ometry". 

In the last thirty years, many mathcmaticiens were concerned by the 
geometrization of a multi-time Lagrangian depending on first order partial 
derivatives, which is defined on the 1-jet fibre bundle J l (T,M), where T is a 
smooth, real, p-dimcnsional "multi-time" manifold coordinated by {t a ) a= YZ 
and M is a smooth, real, n-dimensional "spatial" manifold coordinated by 

One point of view is described by Gotay, Isenberg and Marsden Q and is 
known under the name of Multisimplectic Geometry. This paper naturally 
generalizes the dual Hamiltonian formalism used in the classical mechan- 
ics and stands out by its finite dimensional and non metric spatial model 
J X (T,M). In contrast, Michor and Rat-iu || construct their geometrization 
on the infinite dimensional space of the embeddings Emb(T, M) which is en- 
dowed with a metrical structure G. The third way is sketched by Miron, 
Kirkovits and Anastasiei in . They construct a metrical geometry attached 
to a first order Lagrangian on the finite dimensional total space of the vec- 
tor bundle ® p a= i TM —=> M, where the coordinates of a-th copy of TM are 



denoted (x l , x l a ), and the gauge group of bundle of configuration is of the form 

{x l = x l (scP) 

This geometry relies on a given semi-Riemannian metric h a p on RP and a 
given "a priori" nonlinear connection on E = ©^=1 TM. Starting with a 
multi-time Lagrangian C : ©£=i TM — » i? and using an adapted basis of the 
nonlinear connection, they introduce a Sasakian-like metric on TE, setting 

(1.4) G = 9lJ 5x l ® fe J + G™<5< ® faj, 

where G$$V,s*) = J-^J and gij (a*,a*) = h a/} G<$$ . Also, the 

paper Q use the Lagrangian density V = C alt 1 A dt 2 ... A dt p , developing a 
multi-time Lagrangian geometry, in the sense of linear connections, torsions 
and curvatures. 

In this paper, we naturally extend the Rheonomic Lagrange Geometry of 
vector bundle R x TM ->■ M to the 1-jet fibre bundle J 1 (T, M) -* T x M. 
Using the gauge group 

t a =t a (t 13 ) 

(1.5) { x l = x l {x : >) 

ap at? 



dxifa^ 



which is more general than that used in the papers J7J , H . In order to develope 
our geometry, we start "a priori" with a semi-Riemannian metric h = h a p(t) 
on the temporal manifold T, and we use the following three distinct notions: 

i) multi-time Lagrangian function — A smooth function L : J (T, M) — ► R. 

ii) multi-time Lagrangian (Olver's terminology) — A local function C on 
./■"■(J 1 , M) which transform by the rule C — C\detJ\, where J is the Jaco- 
bian matrix of coordinate transformations t a = t a {t^). If L is a Lagrangian 
function on 1-jet fibre bundle, then C = L^J\h\ represent a Lagrangian on 
J X {T,M). 

iii) multi-time Lagrangian density (Marsden's terminology) — A smooth 
map V : J X (T, M) -* A?(T*T). For example, the entity V = Cdt 1 Adt 2 A ... A 
dt p , where £ is a Lagrangian, represents a Lagrangian density on J 1 ^T,M). 

In this terminology, we create a geometry attached to a first order Kro- 
necker h-regular Lagrangian function on J (T,M), which can be called the 
Metrical Multi-Time Lagrangian Geometry. The condition of Kronecker h- 



regularity imposed to the given multi-time Lagrangian function L is 

where §ij {t 1 , x k , x 1 !) is a d-tensor on J X (T,M), symmetric, having the rank 
n, and of constant signature. This condition allows us to build from L a 
natural nonlinear connection on J l (T,M). At the same time, the condition 
of Kronecker /i-regularity is required by the following reasons: 

(1) the construction of Sasakian-like metric 

(1.6) G = h a(i dt a ® dt 13 + g ij dx i ® dx j + h^g^Sx^ <g> SxP , 

on jet bundle J l (T,M), that has the physical meaning of gravitational po- 
tential on J l (T,M); 

(2) to find explicitly canonical d-connections, d-torsions and d-curvatures. 

We emphasize that the physical aspects of the metrical multi-time La- 
grange geometry are exposed in || , [Q . From this point of view, the Maxwell 
and Einstein equations allow us to appreciate the Metrical Multi-Time La- 
grange Geometry like a natural model necessary in the study of physical fields 
in a general setting. 

Finally, we point out again that the Lagrangian density used in our study 
is 

(1.7) V = L^/\h\dt 1 f\dt 2 ...Adt p . 



2 Metrical multi-time Lagrange spaces 

Let us consider T (resp. M) a "temporal" (resp. "spatial") manifold 
of dimension p (resp. n), coordinated by (£ a ) a =T"p ( res P- ( x% )i=Tn)- ^ e * 
E = J l (T,M) — > T x M be the jet fibre bundle of order one associated 
to these manifolds. The bundle of configuration ^(T^M) is coordinated by 
(t a , x % , x l a ) , where a = l,p and i = l,n. Note that the terminology used 
above is justified in |12fl . 

Remarks 2.1 i) Throughout this paper, the indices a, (3, 7, . . . run from 1 to 
p, and the indices i,j, k, . . . run from 1 to n. 

ii) In the particular case T = R (i. e., the temporal manifold T is the usual 
time axis represented by the set of real numbers), the coordinates (t l ,x z ,x\) 
of the 1-jet space .^(R, M) = R x TM are denoted (£, x l ,y l ). 

We start our study considering a smooth multi-time Lagrangian function 
L : E — > R, which is locally expressed by E 9 (t a ,x\x l a ) — > L(t a ,x\ x l a ) 6 R. 



The vertical fundamental metrical d-tensor of L is 

(2.1) G\ 



,(a)(/3) = 1 9 L 

J d)U) - 2dx a dx 3 p 



Now, let h = (h a p) be a fixed semi-Riemannian metric on the temporal 
manifold T and gtj(t" f ,x k ,x k ) be a d-tensor on E, symmetric, of rank n, and 
having a constant signature. 

Definition 2.1 A multi-time Lagrangian function L : E — > R whose vertical 
fundamental metrical d-tensor is of the form 

(2.2) G$$(f>,a*,xk) = ft a/, (Ofl«(* 7 .»*,4), 

is called a Kronecker h-regular multi-time Lagrangian function with respect to 
the temporal semi-Riemannian metric h = (hap). 

In this context, we can introduce the following 

Definition 2.2 A pair M£™ = (J X (T,M),L), where p = dimT and ra = 
dimM, which consists of the 1-jet fibre bundle and a Kronecker ^.-regular 
multi-time Lagrangian function L : J (T,M) —> R is called a metrical multi- 
time Lagrange space. 

Remarks 2.2 i) In the particular case (T, h) — (R, 8), a metrical multi-time 
Lagrange space is called a relativistic rheonomic Lagrange space and is denoted 
RL n = (J l (R,M),L). 

ii) If the temporal manifold T is 1-dimensional, then, via a temporal 
reparametrization, we have J l (T, M) = J l (R 1 M). In other words, a metrical 
multi-time Lagrangian space having dim T = 1 is a reparametrized relativistic 
rheonomic Lagrange space. 

Examples 2.1 i) Suppose that the spatial manifold M is also endowed with 
a semi-Riemannian metric g = (gtj(x)). Then, the multi-time Lagrangian 
function 

(2.3) Li : J\T, M) -» R, L x = h a P(t)g l0 (x)x a x 3 p 

is a Kronecker /i-regular multi-time Lagrangian function. Consequently, 
MLp — (J 1 (T, M), Li) is a metrical multi-time Lagrange space. We un- 
derline that the multi-time Lagrangian L\ = L\^J\h\ is exactly the energy 
multi-time Lagrangian whose extremals are the harmonic maps between the 
pseudo-Riemannian manifolds (T,h) and (M, g) H. At the same time, this 
multi-time Lagrangian is a basic object in the physical theory of bosonic 
strings. 

ii) In above notations, taking U,V(t,x) as a d-tensor field on E and 
F : T X M — ► R a smooth map, the more general multi-time Lagrangian 



function 

(2.4) L 2 :E^R, L 2 = h al "{t)g t] {x)x l a x J + U$\t, x)x l a + F(t, x) 

is also a Kronecker /i-regular multi-time Lagrangian. The metrical multi-time 
Lagrange space MU1 = (J 1 (T,M),L 2 ) is called the autonomous metrical 
multi-time Lagrange space of electrodynamics because, in the particular case 
(T, h) = (R, S), we recover the classical Lagrangian space of electrodynamics 
[[fl| which governs the movement law of a particle placed concomitantly into a 
gravitational field and an electromagnetic one. From physical point of view, 
the semi-Riemannian metric h a p(t) (resp. gij{x)) represents the gravitational 

potentials of the space T (resp. M), the d-tensor U,V{t,x) stands for the 
electromagnetic potentials and F is a function which is called potential func- 
tion. The non-dynamical character of spatial gravitational potentials gij (x) 
motivates us to use the term "autonomous" . 

iii) More general, if we consider g%j{t, x) a d-tensor field on E, symmetric, 
of rank n and having constant signature on E, we can define the Kronecker 
/i-regular multi-time Lagrangian function 

(2.5) L 3 :E^R, L 3 = h a \t) 9l] (t, x)x i a x j + U$ (t, x)x l a + F(t, x). 

The pair ML™ = (J 1 (T, M), L 3 ) is a metrical multi-time Lagrange space 
which is called the non- autonomous metrical multi-time Lagrange space of 
electrodynamics. Physically, we remark that the gravitational potentials 
gij(t, x) of the spatial manifold M are dependent of the temporal coordinates 
i 7 , emphasizing their dynamic character. 

An important role and, at the same time, an obstruction in the subsequent 
development of the metrical multi-time Lagrangian theory, is played by the 
following 

Theorem 2.1 (characterization of metrical multi-time Lagrange spaces) 
If we have dimT > 2, then the following statements are equivalent: 

i) L is a Kronecker h-regular multi-time Lagrangian function on J 1 (T, M). 

ii) The multi-time Lagrangian function L reduces to a non- autonomous 
electrodynamics Lagrangian function, that is, 

L = h a ^{t)g ij {t,x)x i a x j p + U l ^{t,x)x l a + F(t,x). 

Proof. ii)=> i) Obviously. 

i)=> ii) Suppose that L is a Kronecker /i-regular multi-time La- 
grangian function, that is, 

i d 2 L 



2 dx^dx 3 ^ 



= h a ^^)g ij {t\x\x ! l). 



Firstly, we assume that there are two distinct indices a and (3 in the set 
{1, . . . ,p} such that h a P ^ 0. Let k (resp. 7) be an arbitrary element of the 
set {1, . . . , n\ (resp. {1, . . . ,p})- Differentiating the above relation by x^ and 
using the Schwartz theorem, we obtain the equalities 

^ h °fi = ^h* = ^K> a , V«,/3, 7 e{l,..., P }, Vi,j,fce{l,...,n}. 

ox* 9x l a dx 3 p 

Contracting by /i 7M , we deduce 

I^^V-0, V m g {!,..., P}- 

The assumption /i a/3 ^ implies that — -^ = for arbitrary A; and 7, that is, 

g ij =g ij (t»,x m )- 

Secondly, assuming that h al3 = 0, V a ^ /3 G {1, ...,p}, it follows 
h ali — h a 5g, V a, (3 G {1, . . . ,p}. In other words, on T we use an orthog- 
onal system of coordinates. In these conditions, the relations 

= 0, Vc^/?G {!,..., p}, Vi,je {!,..., n}, 



dx^dx^ 



1 "'~ L ^(f,^,*™), Vae {!,..., p}, Vi,j G {1, . . . ,n} 



are true. Now, if we fixe the indice a in the set {1, . . . ,p}, we deduce by 

dL 

first relation that the local functions — — - depend just of the coordinates 

ox l a 

(i M , x m , x™ ) . Considering (3 ^ a in the set {l,...,p}, the second relation 

implies 

1 Pp. J 1 a2r 

-r-rr - = -nTTT " =9ii(t' i ,x m ,x™), V»,j€ {l,...,n}. 

2h a (t) dx^dxi *hP(t) dxtfx'p J M 

Because the first term of the above equality depends just of the coordinates 
(i M , x m , x™ ) while the second term is dependent just of (i M , x m , x!^ ) and 
q ^ /3, we conclude that g^ = gij(t^, x m ). 
Finally, the relation 

\^-r =h a P{V) 9ij {t\x k ), Va,/?G{l,...,p}, Vi,je{l,...,n} 

^ OX^OXg 

implies without difficulties that the multi-time Lagrangian function L is a 
non-autonomous multi-time Lagrangian function of electrodynamics. ■ 



Corollary 2.2 The vertical fundamental metrical d-tensor of an arbitrary 
Kronecker h-regular multi-time Lagrangian function L is of the form 

(26) gMW- 1 d " L -{ hll ^iAt^ k ,y k ), dimT=l 
mj) tdxidojp \ h a ^{r')gi j {P,x k ), dimT > 2. 

Remarks 2.3 i) It is obvious that the preceding theorem is an obstruction in 
the development of a fertile metrical multi-time Lagrangian geometry. This 
obstruction will be removed in a subsequent paper by the introduction of a 
more general notion, that of generalized metrical multi-time Lagrange space 
[B|. The generalized metrical multi-time Lagrange geometry is constructed 
using just a given vertical Kronecker /i-regular metrical ci-tensor GfV, V on 
the 1-jet space J X {T,M). 

ii) In the case dimT > 2, the above theorem obliges us to continue the 
study of the metrical multi-time Lagrangian spaces theory, channeling our 
attention upon the non-autonomous electrodynamics metrical multi-time La- 
grangian spaces. 



3 Sprays. Nonlinear connection. Harmonic 
maps 

Let MX™ = (J^T, Af),T), where dimT = p, dimM = n, be a metrical 
multi-time Lagrange space whose vertical fundamental metrical d-tensor is 



G 



a)m _ 1 d 2 L ( h 11 (t)g ij (t,x k ,y k ), p=\ 

' l)U) ~ 2dx* a dx^ ~ \ h a P{V) 9ij {F,x% p>2. 



Note that all subsequent entities with geometrical or physical meaning will 
be directly obtained from the fundamental vertical metrical d-tensor G\°[, J . 
This fact points out the metrical character and the naturalness of the metrical 
multi-time Lagrangian geometry that we construct. At the same time, the 
form of the invariance gauge group 

i a =i a (tf 3 ) 
x l = x 1 ^) 
_ d _ dx^_dt^_ j 



of the fibre bundle J 1 (T, M) — > T x M allows us to look out the metrical 
multi-time Lagrange geometry as a "parametrized" theory, in Marsden's sense 



Now, assume that the semi-Ricmannian temporal manifold (T, h) is com- 
pact and orientablc. In this context, we can define the energy functional of 
the Lagrangian function L, setting 



£ L : C°°(T, M) — R, £ L (f) = / L(t a , x\ x l a ) y/\h\ dt 1 A alt 2 A ... A dt p , 



T 

dx 1 
where the smooth map / is locally expressed by (t a ) — ► (x l (t a )) and x l a = — — . 

The extremals of the energy functional £j, verifies the Euler-Lagrange 
equations for every i 6 {1,2,. . . , n}, 

(3 1) 2G (q)(/ V + d " L x j - — + Q2L + —IP - 

(6.1, ZLr m) X a[j + Qx3dx ^ a g xl + Qtadx ^ + Qxl Jl al - U, 

d 2 x j 
where xi * = — — ^—r, and i?2« are the Christoffcl symbols of the scmi- 

a/3 dt a dtP af) 

Riemannian metric h a fj. 

Taking into account the Kronecker /i-regularity of the Lagrangian function 

L, it is possible to rearrange the Euler-Lagrange equations of Lagrangian 

C = Ly/\h\ in the form 

(3.2) A h x k + 2g k (t^x m ,x™)=0, 

where 

y ~ 2 \dx>dx*, a dx i + dt a dxi + dx*, cr,+ 9v M ^ X i}- 

By a direct calculation, we deduce that the local geometrical entities 

g kl f d 2 L • <9L 



2 \5a;^4 Q dx* 

(3.3) fc _ g H ( d 2 L dL 

2 \ dVdxi dxl ^ 

2j7 fe - h^Hl^ 

verify the following transformation rules 

~ 8r p 8r p i9f 7 dx 1 

2S P ~2S r — + h atl 7 x 3 

~ 9x- + 05' d*" dxi a 

~ 8r p 8r p 8f^ dx 1 

2 rrp _ 9 -fr ud/ _ ua^ T 



Consequently, the local entities 2Q P = 2S P + THP + 2 J p modify by the trans- 
formation laws 



(3.5) 



*-*■£-*-£& 



and therefore the geometrical object Q — (Q r ) is a spatial h-spray |12[| . 

Following the paper p2] , we can offer a geometrical interpretation to the 
equations 

A h x l + 2g l (t~<, x k ,x k ) = 0, V I G {1, • . . ,n}, 

via the harmonic map equations of a spatial spray, if the spatial /i-spray £ is 
the /i-trace of a spatial spray G. 

In the particular case dimT = 1, every spatial /i-spray Q = (Q l ) is the 
ft-trace of a spatial spray, namely G — (Gv-Aj), where Gv^L = h\\Q l . In other 



words, the equality £ z = /i 11 GL , s 1 is true. 

On the other hand, in the case dimT > 2, the characterization theorem 
of the Kronecker /i-regular Lagrangians functions ensures us that 

L = h a ^(t) 9ij (t, x)xix j + U$(t, x)xi + F(t, x). 

In this particular situation, by computations, the expressions of S , TL and 
J 1 reduce to 



25' = h a!3 T\ h xi,x k ' 9 



jk^a^p 



[jWj _ HE. 



(3.6) 



2U 



n n afi- L i + 9 



(a) 



2fc- fi**LA + dU ^ 



dt<* $ dt" 



2J> = ^if^ 



rr(«) tt~i 
U (i) n a 1 



where 



l _ 9 h (dg lj dg lk dg jk 



L jk 



2 \ dx k dx J dx l 



are the generalized Christoffel symbols of the "multi-time" dependent metric 
9ij, and 



uW. = 



dU, 



(«) 



3*7 



(a) 



Consequently, the expression of the spatial /i-spray £/ = ((/') becomes 
(3.7) 2g p = 2S P + 2H P + 2J P = h a(3 T l jk xix k + 2T\ 



10 



where 



(3.8) IT = 5- 



dt a P 






dU, 



(«) 
(0 



dt a 



+ u$h^ 



dF 
dx l 



The geometrical object T — (T l ) is a d-tens or field on E = J l (T : M). It 

follows that T can be written as the /i-trace of the d-tensor T, \ a — —-T\ 

( a )P p ' 

where p — dimT, that is, T l = h a ^T\ {„. Of course, this writing is not unique 
but it is a natural extension of the case dimT = 1. 

Finally, we conclude that the spatial /i-spray Q = (Q l ) is the /i-trace of the 
spatial spray 



G 



(0 

(a)/3 



2 l jk X a X /3 + J (q)/3' 



(3.9) 

that is, g l = h a ^G^ )0 . 

Theorem 3.1 The extremals of the energy functional Ehottached to a Kro 
necker h-regular Lagrangian function L on J X (T, M) are harmonic maps U 
of the spray (H, G) defined by the temporal components 



rrW _ 
"MP ~ 



Hl x {t)y\ P =l 



—Hl^v P> 2 



and the local spatial components G; Q 






hug 



■k r 



1 



d 2 L 



dxJdy k " 

-r:,xix k ^ r r il) 



dL 

dx k 



d 2 L 



jk u 'a u 'f3 



T, 



(a)P> 



dL 



dtdy k dx k 



Hi, + 2h vl H\ x9kl y l 



P>2, 



where p = dimT. 

Definition 3.1 The spray (H,G) constructed in the preceding theorem is 
called the canonical spray attached to the metrical multi-time Lagrange space 
ML n v . 

In the sequel, using the canonical spray (H , G) of the metrical multi-time 
Lagrange space ML" one naturally induces [12 ] a nonlinear connection T on 
E = J 1 (T, M) , defined by the temporal components 



(3.10) 



M 



(0 

(q)/3 



2H. 



CO 



Hhy 
-H 1 






p=\ 

P>2, 



11 



and the spatial components 



, dg* 

ftllTTTi V = 1 



(Qb ^ \ r x k + 9 —^ + 9 —h U^ v>2 



where Q l = h a ^G,\ a . The nonlinear connection Y = {M, \ a , N,\ ) is called 
the canonical nonlinear connection of the metrical multi-time Lagrange space 
ML™. 

Remarks 3.1 i) Considering the particular case (T, h) = (R, S), the canonical 
nonlinear connection T = (0,N^L) of the relativistic rheonomic Lagrange 
space RL n = (^(R^M)^) reduces to the canonical nonlinear connection of 
the Lagrange space L n = (M, L). 

ii) In the case of an autonomous electrodynamics metrical multi-time 
Lagrange space (i. e., gij(f, x k ,x ! l) = gij(x k j), the generalized Christoffel 
symbols T l - k (t^ , x m ) of the metrical d-tensor g^ reduce to the classical ones 
7* fe (a; m ) and the canonical nonlinear connection becomes T = {M , l \ , N , l \ .), 
where 

(3-12) M« )/3 = 



fj^l + ^K.U^, p>2. 



Cartan canonical /i-normal T-linear connec- 
tion, d- Tors ions and d- curvatures 




Suppose that J 1 (T, M) is endowed with a nonlinear connection L defined 
the tempor; 
S 6 d 



by the temporal components Ml K g and the spatial components Nj- l { .. Let 



. . . . . C X{E) and {dt a ,dx\Sxi,} C X* (E) be the adapted bases 
ot a ox" 1 oxL ' 



12 



of the nonlinear connection I\ where 



(4.1) 



5 8 

St" ~ dl" 



M, 



U) ° 

{f3)a dx 3 



_5_ 

8x l 



d 
dx l 



N, 



0) o 

m dxi 



\dxU' 



Using the notations 

X{Ut) = Span i. — >, X(U M ) = Span t-t>, X(V) = Span ■ 

X*(H T ) = Span{dt a }, X*(H M ) = Span{dx 1 }, X*(V) = Span{Sx l a }, 
we obtain without difficulties the following 

Proposition 4.1 i) The Lie algebra X(E) of vector fields decomposes as 
X(E) = X(H T ) © X(H M ) © X(V). 
ii) The Lie algebra X*(E) of covector fields decomposes as 
X*{E) = X*{H T ) © X*(H M ) © X*{V). 

Let us consider hx, Hm and v the canonical projections of the above de- 
compositions. 

Definition 4.1 A linear connection V : X{E) x XiE) — > X(E) is called a 
r '-linear connection on E if \7hx = 0, V/im = 0, Vu = 0. 

In the adapted basis < - — , — — , — — > c X(E), a T- linear connection V 
[_ ot a ox 1 ax a J 

on E is defined by nine local coefficients, 

(h)(0) fa T k r(h)(0) ^a( 7 ) n Ht) n (k) (0) (7) n 



(4.ZJ VI - (Cr^U^.Lr,^ , ^ii^j^MMj.^flfj) ,^, 



H.;) 



C 



introduced by 

V7 5 -r*« 5 V7 5 

W £?5t?~ ^St"' i^5x- 



r k - 
17 fo fe! 






G 



6> 



^ 



^"^' v 7fr 



5x3 (5a;* lJ Sx k ' 



C 



"(7) 



fr sffl "m St" 



_5_ 

' Sx l 



Mi) ° 
'i(j) Sx k ' 



OWO) 

(h)(0) 

(a)(i)i Q x k ' 

(h)(0) _3_ 
(a)(i)j Q x k ' 

v ^ _ „(fe)(/3)( 7 ) a 
V ifta^" G (")«« dxl 







d_ _ L (k)(0) _d_ 



' dx 
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Remark 4.1 The transformation rules of the above connection coefficients 
are completely described in fll2| . 

Example 4.1 If h a p (resp. g^) is a semi-Riemannian metric on the temporal 
(resp. spatial) manifold T (resp. M), H^p (resp. 7^) are its Christoffcl 

symbols and T = (M$ )0 , N®.), where M® = -if^<, N^j = 7J**£> * 
the canonical nonlinear connection on _E attached to the metric pair (h a /3, gij), 
then the following set of local coefficients |12| 

BT = (^ r 0, G (a)(i)7 , 0, Ijj., i (a) (i)j, 0, 0, 0), 

wnere G- Q/3 - -tf Q/3 , <^( 7 )(j) a - "j^ar ^y - 7y ana - L ( 7 )(i)j — ^u' 1S a 
To-linear connection which is called the Berwald To-linear connection of the 
metric pair (h a p,gij). 

We recall that a T-linear connection V on E, defined by the local coef- 



ficients 4.2 induces a natural linear connection on the d-tensors set of the 



jet fibre bundle E = J l (T,M), which is characterized by a collection of lo- 
cal derivative operators like "/ E ", "| p " and "|S"- The previous local opera- 
tors are called the T -horizontal covariant derivative, M -horizontal covariant 
derivative and vertical covariant derivative. The detailed expressions of these 
derivative operators are completely described in p"5[ . 

The study of the torsion T and curvature R d-tensors of an arbitrary T- 
linear connection Von£ was made in [fl4| . In this context, we proved that 
the torsion d-tensor is determined by twelve effective local torsion d-tensors, 
while the curvature d-tensor of V is determined by eighteen local d-tensors. 

Now, let h a /3 be a fixed pseudo-Ricmannian metric on the temporal man- 
ifold T, H^a its Christoffel symbols and J = J(J\g--A- <8> dt 13 ® dx^ , where 

J(a)Bi ~ hafjfij) the normalization d-tensor |12| attached to the metric h a p. 
The big number of torsion and curvature d-tensors which characterize agen- 
eral T-linear connection on E determines us to consider the following [[tl| 

Definition 4.2 A T-linear connection V on E = J 1 (T,M), defined by the 
local coefficients 

Y7r _ (r<a r<k r ,(k)(l3) f a T k T (k)(f3) P=ia{-y) n k{-y) n {k){P){y)\ 

that verify the relations G a M = fl| 7 , Ifa = 0, Cf^ = and VJ = 0, is 
called a h-normal T-linear connection. 

Remark 4.2 Taking into account the local covariant T-horizontal "/ 7 ", M- 
horizontal "|/-" and vertical "||m covariant derivatives induced by V, the 
condition V J = is equivalent to 

;(») _q j(i) _n r(0 |(t) _ q 
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In this context, it is proved in [fyl the following 



Theorem 4.2 The coefficients of a h-normal T-linear connection V verify 
the identities 



rri 

U a 






t a 

L 03 



0, 



C" 



((7) 



m 



0, 



LT (a)(i) 7 ~~ a (j i 1 



6 k HP 



r(fc)(/3) -X0rk r -(fc)(/3)(7) _ jj/S,<t*(7) 



Remarks 4.3 i) The preceding theorem implies that a /i-normal T-linear on 
E is determined just by four effective coefficients 

vr = (H a/3 , G iy , Li^C^ ). 

ii) In the particular case (T, H) = (_R, S) , a ^-normal T-linear connection 
identifies to the notion of TV-linear connection used in J7| . 

Example 4.2 The canonical Berwald To-linear connection associated to the 
metric pair {h a p,gij) is a h- normal To-linear connection defined by the local 
coefficients BT = (^,0,7^,0). 

Note that, in the particular case of a /i-normal T-linear connection V, the 
torsion d-tensors T^g, T^ and P^}-\ vanish. Thus, the torsion d-tensor T of 
V is determined by the following nine local d-tensors |ll[ 



(4.3) 





hr 


flM 
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hrhr 










huhr 





otj 


p( m ) 


huhu 





rpm 

ij 




vhr 








pirn) (fi) 


vh M 





pmiji) 

U.i) 


pH {fa 

^)i(j) 


vv 








«y(m)(o)(/9) 



where 



P, 



(m) 09) _ 



dM, 



(m) 

(fj.)a 



(p)<*U) 



dx-'p 



r0s~tm iX m flf3 
[i jot ' ^j /ia' 



dN {rn) 

p (m) (/3) _ (p)i _ srf3 T m 

(PMI) ~ Q x 3 



J«' 



R 



6MW 

(m) _ pJ)a 



<5M, 



(m) 

(/-0/3 



( m )q/3 



<Si/3 



<ft Q 



1? 



(m) 



SM, 



(m) 

(m)« 



<5/V, 



(m) 
0)j 



^ 



<5* c 



i? 



(m) 






SN. 



(m) 



(5x l 



? (m)(a)(/3) 
'W(i)O') 



WOO 



r/3 rr m(a) 
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rpTi 



-G 7 ' 



rpT, 



P. 



m(fi) _ c m(/3) 



aj ^ja i ---ij -"ij -"ji i ' 1(3) i(j) ' 

Remark 4.4 For the Berwald To-linear connection associated to the metrics 
h a (3 and gij, all torsion d-tensors vanish, except 



R 



(m) 
(/i)a/3 



-J? 



7 



.T. 



/xq/3 j '7 ' 



7? 



(m) 






where Hj a a (resp. r[" z ) are the curvature tensors of the metric h a p (resp. 
9ij)- 

The number of the effective curvature d-tensors of a ^.-normal T-lincar 
connection V reduces from eighteen to seven. The local d-tensors of the 
curvature d-tensor R of V are represented in the table |11| 



(4.4) 





flT 


h M 


V 


HtHt 






p(0(") m jdI 1 Xl fja 


huhr 





R-iflk 


»(')(») - x a R l 

U ( V )(i)f3k ~ °v n iPk 


tlMhM 





U ijk 


n (n)(*)jk - °n n ijk 


vKt 





pi (7) 

r i[i(k) 


p (l)(a) (7) _ A ap! (7) 
^(r,)(i)/3(k) ~°vUl3(k) 


vh M 





p Hi) 

ij(k) 


r (i)(»bW ~°vUj(k) 


vv 





aK&K-y) 


c(0(")(^)(7) A ao'(^)(7) 



where 



rra 

-"77/37 



OP 



-Kifl-v — 



SG 



03 






SG 



Hfjj 



27 



SO 3 



R, 



SL 



ij3k 



R 



ijk 



SP 

Sx k 
5L l „ 



5x k 5xi 



H V(3 H »1 






Tjfi rra 






St 73 
6LL 



ik 1 r^vd r I t rn /~tl 

-f U i/3 -U mk — Li ik Kjt m p ■ 



L™L 



ij mk 



LIU 



ik rnj 



p l (7) = dG */3 
iP(k) Q x k 



c: 



i(fc)//8 



r l{p.) p (m) (7) 
^i(m) r {fi)f3{k) ' 



U J (m)- tt ( / x) / 3 7 ' 



(~Mjj) r>( m ) 
L/ i(m)- n '(/j)/3fe' 






r,l (7) = 
ij(k) 

^(/9)(7) 

'i(i)O) 



dx k 



C 



(k)\j 



dx k 



r l{li) p (m) (7) 



ftcj 



r m(f3) r l(f) 



rY m( 7 ) r ,/(« 
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Remark 4.5 In the case of the Berwald To-linear connection associated to 

I 6 



the metric pair (h a /3,gij), all curvature d-tensors vanish, except LL a a ana * 



R\j k = rlj k , where r\ - fe is the curvature tensor of the metric gij. 

Now, let us consider ML" — (J 1 (T ', M) , L) a metrical multi-time La- 
grangian space and 

G(am _ 1 d 2 L _ f fe u (*)fl«(*»a; fc .y fc ), P = 1 
WW ~ 2 flafc&rj ~ \ h^(P) gij (P,x k ), p > 2 

its vertical fundamental metrical d-tensor. Let T — (M,\ a ,N,\.) be the 

v (a)/?' (a)]' 

canonical nonlinear connection of the metrical multi-time Lagrange space 
ML" 

The main result of this paper is the theorem of existence of the Cartan 
canonical h-normal linear connection CT which allow the natural subsequent 
development of the metrical multi-time Lagrange theory of physical fields fLCJ . 



Theorem 4.3 (existence and uniqueness of Cartan canonical connection) 
On the metrical multi-time Lagrange space ML™ = (J 1 (T, M),L) endowed 
with its canonical nonlinear connection T there is a unique h-normal T '-linear 
connection 

/-rp _ j Tjl r' k T i /^> i (7)\ 
L/L — l- H a/3' Lr J7' ij jfe' i(fe)'' 

having the metrical properties 
i)9ij\k=0, 0yl(Z)=O> 

,-,■) r< k — 9 iffjj r fe _ r fe r,i{y) __ r <i(i) 






Proof. Let CT = (G^gjG^ji^jC./^) be h-normal T-linear connection 

— o (5o" 

whose coefficients are defined by GP a a = H^^, ffif — -^-~f~^-> an d 



(4.5) 







By computations, one easily verifies that CT satisfies the conditions i and ii. 
Conversely, let us consider a h-normal T-linear connection 
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which satisfies i and ii. It follows that 

r 7 - ff 7 and r k - 9 l Sgij 

^Q/3 - ^OL^ anCl ^jl - ~~foT- 

The condition gij\k = is equivalent to 

^Eil - n f m 4-n- f m 

5x k ~ ° ik jk ' 

Applying a Christoffel process to the indices {i, j, £;}, we find 

Ji _ 9 m ($9jm , 8g km Sg jk 



Jk 2 \ Sx k 8xi 6x m 

By analogy, using the relations C % nl = C? k ?J\ and gij\/ k l — 0, following a 
Christoffel process applied to the indices {i, j, k}, we obtain 

£i( 7 ) _ 9^_ ( d 9jm dg km _ dg jk \ 
m 2 \dx k dxi, dx™)' 

In conclusion, the uniqueness of the Cartan canonical connection CT is 
clear. ■ 

Remarks 4.6 i) Replacing the canonical nonlinear connection T by a general 
one, the previous theorem holds good. 

ii) In the particular case (T,h) = (_R, 5), the Cartan canonical 8- normal 
T-linear connection of the relativistic rheonomic Lagrange space RL n = 
(^(RjM),]^) reduces to the Cartan canonical connection of the Lagrange 
space L n — (M, L) , constructed in Q] . 

iii) As a rule, the Cartan canonical connection of a metrical multi-time 
Lagrange space ML™ verifies also the metrical properties 

^a/3/ 7 = h aj3 \ k = /i a /3|( fe ) = and 0y/ 7 = 0. 

iv) In the case dimT > 2, the coefficients of the Cartan connection of a 
metrical multi-time Lagrange space reduce to 

ni _ ztt r<k _ 9 Q9ij T % _ ™ ^(7) _ n 

v) Particularly, the coefficients of the Cartan connection of an autonomous 
metrical multi-time Lagrange space of electrodynamics (i. e., gijit 1 ,x k ,XZ) = 
gij(x k )) are the same with those of the Berwald connection, namely, CT = 
{H^q, 0,7* fc , 0). Note that the Cartan connection is a T-linear connection, 
where L is the canonical nonlinear connection of the metrical multi-time La- 
grangian space while the Berwald connection is a To-linear connection, Tq be- 
ing the canonical nonlinear connection associated to the metric pair (h a /3, gij)- 
Consequently, the Cartan and Berwald connections are distinct. 



IS 



Theorem 4.4 The torsion d-tensor T of the Cartan canonical connection of 
a metrical multi-time Lagrange space is determined by the local components 



(4.6) 
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where, 

i) for p = dimT = 1, we have 
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Remark 4.7 In the case of autonomous metrical multi-time Lagrange space 
of electrodynamics (i. e., gij(t' y ,x k 7 x k ) = gij(x k j), all torsion d-tensors of the 
Cartan connection vanish, except 



R 



(m) 
( M )a/3 



-H 



i 



x" 



liaP^l ' 
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U, 



(v) 
(k)j\i 



where Hj af} (resp. 
metric h a p (resp. gij). 



ijk 



) are the curvature tensors of the semi-Ricmannian 



Theorem 4.5 The curvature d-tensor R. of the Cartan canonical connection 
is determined by the local components 
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ii) for p = dimT > 2, we have 
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r) J-f a 
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Remark 4.8 In the case of an autonomous metrical multi-time Lagrange 
space of electrodynamics (i. e. , gtjit 1 ,x k ,x k ) = gij(x k )), all curva- 
ture d-tensors of the Cartan canonical connection vanish, except H^o and 
R\j k = i^ijki that is, the curvature tensors of the semi-Riemannian metrics 
h a(3 and g^. 

Open problem. The development of an analogous metrical multi-time La- 
grangian geometry on J 2 (T,M) is in our attention. 

Acknowledgements. Many thanks go to Prof. Dr. M. Matsumoto and 
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